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Abstract: In the present article, we study the space-time geometry felt by probe bosonic
string moving in antisymmetric and dilaton background fields. This space-time geometry
we shall call the stringy geometry. In particular, the presence of the antisymmetric field
leads to the space-time torsion, and the presence of the dilaton field leads to the space-time
nonmetricity. We generalize the geometry of surfaces embedded in space-time to the case
when torsion and nonmetricity are present. We define the mean extrinsic curvature for
Minkowski signature and introduce the concept of mean torsion. Its orthogonal projection
defines the dual mean extrinsic curvature. In this language, one field equation is just the
equality of mean extrinsic curvature and dual mean extrinsic curvature, which we call C-
duality relation. In the torsion and nonmetricity free case, the world-sheet is a minimal
surface, specified by the requirement that mean extrinsic curvature vanishes. Generally,
it is stringy C-dual surface. In the presence of the dilaton field, which breaks conformal
invariance, the conformal factor which connects intrinsic and induced metrics, is determined
as a function of the dilaton field itself. We also derive the integration measure for the space-
time with stringy nonmetricity.
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1. Introduction
In the paper [1], we investigated classical dynamics of the bosonic string in the background
metric, antisymmetric and dilaton fields. The starting Lagrangian has been used in the
literature [3, 4, 5], in order to study the two-dimensional conformal invariance on the
quantum level. In those papers the classical space-time equations of motion have been
obtained from the world-sheet quantum conformal invariance.
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In the ref. [1], we made classical canonical nonperturbative investigations, treating
world-sheet fields as variables in the theory and space-time fields as a background depending
on the coordinates xµ. We obtained the nonlinear realization of the Virasoro generators.
We also derived the Hamiltonian equations of motion and shortly discussed the target space
torsion and nonmetricity, recognized by the string.
In the present paper, we are going to investigate in detail the space-time geometry
felt by the string, and offer geometrical interpretation of the equations of motion. In Sec.
2, we will consider general theory of surfaces embedded in space-time with torsion and
nonmetricity, and in Secs. 3 and 4 we will apply this results to the bosonic string theory
in the background fields.
Starting with the known rules of the space-time parallel transport, in Sec. 2 we intro-
duce the torsion and nonmetricity. We decompose the arbitrary connection in terms of the
Christoffel one, contortion and nonmetricity. Then we define the induced world-sheet vari-
ables: metric tensor and connection, and extrinsic one: second fundamental form (SFF).
The world-sheet tangent vector, after parallel transport along world-sheet line with space-
time connection is not necessarily a tangent vector. Its world-sheet projection defines the
induced connection and its normal projection defines the SFF. When the metric postulate
is not valid, there are two forms of the world-sheet connections and two forms of SFF.
The two forms, of both the connection and the SFF, differ by terms proportional to the
nonmetricity. We also introduce the induced torsion and induced nonmetricity and find
the relations between space-time and world-sheet covariant derivatives. We generalized
the geometrical interpretation of the SFF to the case where the space-time has nontrivial
torsion and nonmetricity. In the standard approach the torsion does not contribute to the
mean extrinsic curvature (MEC) ◦Hi. We define dual mean extrinsic curvature (DMEC)
∗Hi as an orthogonal projection of the mean torsion. This enables us to define the self-dual
(self-antidual) condition, under C-duality ◦Hi = ±∗Hi.
In Sec. 3, we formulate the bosonic string theory and shortly repeat some results of
ref. [1], such as canonical derivation of the equations of motion. We independently derive
the Lagrangian equations of motion and connect them to the previous ones. We introduce
the stringy space-time felt by the probe string and find the expressions for stringy torsion
and stringy nonmetricity.
In Sec. 4, we investigate contributions of the background fields to the space-time
geometry. The equations of motion with respect to the intrinsic world-sheet metric relate
this intrinsic metric with the induced one. In the absence of the dilaton field Φ, the theory
is conformally invariant, so that the intrinsic metric tensor is equal to the induced one up
to the conformal factor λ. The presence of the dilaton field breaks the conformal invariance
and determines this conformal factor.
Equations of motion, obtained by variation with respect to xµ, have D components.
Two of them determine the contracted intrinsic connection in terms of the corresponding
induced expression. The other D − 2 are of the form ⋆Hi = ±∗H∓i, where ⋆Hi is stringy
MEC and ∗H±i are the two forms of DMEC. They define world-sheet as a stringy C-
dual (antidual) surface. In two particular cases, —the vanishing torsion and the vanishing
nonmetricity— the field equations turn to the equations of stringy minimal world-sheet
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⋆Hi = 0 and C-dual (antidual) world-sheet Hi = ±∗H∓i, respectively. In the case of
Riemann space-time, when both torsion and nonmetricity vanish, they turn to the equations
of minimal world-sheet Hi = 0.
The presence of the space-time metric Gµν produces just the standard Christoffel
connection. In this case, the string can see the space-time as Riemannian one. The field
strength of the antisymmetric tensor contributes to the space-time torsion. So, string with
background fields Gµν and Bµν feels Riemann-Cartan space-time. Finally, the dilaton field
Φ produces the nonmetricity of the space-time. The target space observed by the string,
when all three background fields Gµν , Bµν and Φ are present, we will call the stringy
space-time.
In sec. 5, we consider the possible forms of the space-time action. We obtain the new
integration measure for spaces with nonmetricity from the requirements that the measure
is preserved under parallel transport and that it enables integration by parts. We discuss
how our action is related to the action of the papers [4, 5].
Appendix A is devoted to the world-sheet geometry, and Appendix B to the classifi-
cation of space-time geometry and to the world-sheet as an embedded surface.
2. Geometry of surfaces embedded in space-time with torsion and non-
metricity
The geometry of surfaces, when the world-sheet is embedded in curved space-time, has been
investigated in the literature, see [6, 7]. In this section we will generalize these results for
the space-times with nontrivial torsion and nonmetricity. For some details of the subsection
2.1 see refs. [8, 9].
2.1 Geometry of space-time with torsion and nonmetricity
In the curved spaces, the operations on tensors are covariant only if they are realized in
the same point. In order to compare the vectors from different points we need the rule
for parallel transport. The parallel transport of the vector V µ(x), from the point x to the
point x+ dx, produce the vector ◦V µ‖ = V
µ + ◦δV µ, where
◦δV µ = −◦ΓµρσV ρdxσ . (2.1)
The variable ◦Γµρσ is the affine linear connection. The rule for the parallel transport of
the covector Uµ(x), can be obtained from the requirement that the invariant vector product
is not changed under parallel transport ◦δ(V µUµ) = 0, so that
◦δUµ = ◦ΓρµνUρdx
ν . (2.2)
Now, we are able to compare vectors from the points x and x+dx, and define the covariant
derivative
◦DV µ = V µ(x+ dx)− ◦V µ‖ = dV µ − ◦δV µ = (∂νV µ + ◦ΓµρνV ρ)dxν ≡ ◦DνV µdxν . (2.3)
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Let us define the geodesic line as a self-parallel line, which means that the tangent
vector tµ = dx
µ
ds
= x˙µ, stay parallel after parallel transport tµ+◦tµ = tµ(s+ds). It produce
the equation
x¨µ + ◦Γµρσx˙
ρx˙σ = 0 , (2.4)
stating that the covariant derivative along the geodesic is zero x˙ν ◦Dν x˙µ = 0.
The connection is not necessary symmetric in the lower indices, and its antisymmetric
part is the torsion
◦T ρµν =
◦Γρµν − ◦Γρνµ . (2.5)
It has a simple geometrical interpretation. Consider two geodesics ℓ1 and ℓ2, starting at
the point A, with the corresponding unit tangent vectors tµr =
dxµ
dsr
(r = 1, 2), (Fig. 1).
Let us perform parallel transport of the vector tµ2 , along geodesic ℓ1, to the point B at the
distance ds1 = dℓ1. The final vector we denote by t˜
µ
2 . It defines direction of the geodesic ℓ˜2,
which starts at the point B and ends at the point D1, at the distance ds˜2 = dℓ2. Similarly,
we perform parallel transport of the vector tµ1 , along geodesic ℓ2, to the point C at the
distance ds2 = dℓ2. We obtain the vector t˜
µ
1 , which determines the geodesic ℓ˜1. The point
D2, lies on the geodesic ℓ˜1 at the distance ds˜1 = dℓ1 from point C.
t
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t
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Figure 1: Geometrical meaning of the torsion.
In the curved space-time, this figure is not necessary closed. The difference of the
coordinates at the points D2 and D1 is proportional to the torsion
xµ(D2)− xµ(D1) = ◦T µρσ tρ1 tσ2 dℓ1 dℓ2 . (2.6)
In fact the torsion measures the non-closure of the ”rectangle” ABCD.
The metric tensor Gµν is a new variable, independent on the connection. This is
a non-degenerate symmetric tensor, which enables us to calculate scalar product V U =
GµνV
µUν , in order to measure lengths and angles.
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We already learned, that covariant derivative is responsible for the comparison of the
vectors from different points. What variable is responsible for comparison of the lengths of
the vectors? The square of the length of the vector V µ(x) is V 2(x) = Gµν(x)V
µ(x)V ν(x).
The square of the length of its parallel transport to the point x + dx, is ◦V 2‖ (x + dx) =
Gµν(x+dx)
◦V µ‖
◦V ν‖ . Let us stress, that we used the local metric tensors in both expressions
and realized the parallel transport with the connection ◦Γρνµ. If we remember the invariance
of the scalar product under the parallel transport, than the difference of the squares of the
vectors is
◦δV 2 = ◦V 2‖ (x+ dx)− V 2(x) = [Gµν(x+ dx)−Gµν(x)− ◦δGµν(x)] ◦V µ‖ ◦V ν‖ . (2.7)
Up to the higher terms we have
◦δV 2 = [dGµν(x)− ◦δGµν(x)]V µV ν = ◦DGµνV µV ν ≡ −dxρ ◦QρµνV µV ν , (2.8)
where we introduced the nonmetricity as a covariant derivative of the metric tensor
◦Qµρσ = −◦DµGρσ . (2.9)
Beside the lengths, the nonmetricity also changes the angle between the vectors V µ1 and
V
µ
2 , according to the relation
◦δ cos(∠(V1, V2)) =
1
2
√
V 21 V
2
2
[
2V ρ1 V
σ
2 −
(
V
ρ
1 V
σ
1
V 21
+
V
ρ
2 V
σ
2
V 22
)
(V1V2)
]
◦Qµρσdxµ . (2.10)
Note that we performed the parallel transport of the vectors, but not of the metric
tensor. It means that for length calculation in the point x+ dx, we used the metric tensor
Gµν(x+ dx), which lives in the same point, and not the tensor Gµν +
◦δGµν obtained after
parallel transport from the point x. The requirement for the equality of these two tensors is
known in the literature as a metric postulate. In fact, it is just some kind of compatibility
between the metric and connection, such that metric after parallel transport is equal to the
local metric. Here we will not accept this requirement, because the difference of these two
tensors is the origin of the nonmetricity. So, the nonmetricity measures the deformation of
lengths and angles during the parallel transport.
We also define the Weyl vector as
◦Qµ =
1
D
Gρσ◦Qµρσ , (2.11)
where D is the number of space-time dimensions. When the traceless part of the non-
metricity vanishes
◦Qրµρσ≡ ◦Qµρσ −Gρσ◦Qµ = 0 , (2.12)
the parallel transport preserves the angles but not the lengths. Such geometry is known as
a Weyl geometry.
Following the paper [9], we can decomposed the given connection ◦Γµνρ in terms of the
Christoffel connection, contortion and nonmetricity. If we introduce the Schouten braces
according to the relation
{µρσ} = σµρ+ ρσµ− µρσ , (2.13)
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then the Christoffel connection (B.2), can be expressed as Γµ,ρσ =
1
2∂{µGρσ}. The contor-
tion ◦Kµρσ is defined in terms of the torsion
◦Kµρσ =
1
2
◦T{σµρ} =
1
2
(◦Tρσµ + ◦Tµρσ − ◦Tσµρ) . (2.14)
By definition, the contortion is antisymmetric under first two indices ◦Kµρσ = −◦Kρµσ .
The Schouten braces of the nonmetricity can be solved in terms of the connection
◦Γµ,ρσ = Γµ,ρσ + ◦Kµρσ +
1
2
◦Q{µρσ} . (2.15)
The first term is the Christoffel connection , which depends on the metric but which does
not transforms as a tensor. The second one is the contortion (2.14) and the third one is
Schouten braces of the nonmetricity (2.9). The last two terms transform as a tensors.
The first and third terms are symmetric in ρ, σ indices. In the second term we can sep-
arate symmetric and antisymmetric parts, ◦Kµρσ = ◦Kµ(ρσ)+ 12
◦Tµρσ , where he symmetric
part of the arbitrary tensor Xµν we denote as X(µν) ≡ 12 (Xµν + Xνµ). Consequently, we
have
◦Γµρσ =
◦Γµ(ρσ) +
1
2
◦T µρσ . (2.16)
2.2 Induced and extrinsic geometry
Let xµ(ξ) (µ = 0, 1, ...,D − 1) be the coordinates of the D dimensional space-time MD and
ξα (ξ0 = τ, ξ1 = σ) the coordinates of two dimensional world-sheet Σ, spanned by the string.
The corresponding derivatives we will denote as ∂µ ≡ ∂∂xµ and ∂α ≡ ∂∂ξα . We will use the
local space-time basis, relating with the coordinate one by the vielbein EµA = {∂αxµ, nµi }.
Here, ∂αx
µ = {x˙µ, x′µ} is local world-sheet basis and nµi (i = 2, 3, ...,D − 1) are local unit
vectors, normal to the world-sheet.
The two dimensional induced metric tensor is defined by the requirement, that any
world-sheet interval measured by the target space metric, has the same length as measured
by the induced one. For a given space-time metric tensor Gµν , the world-sheet induced
metric tensor takes the form
Gαβ = Gµν∂αx
µ∂βx
ν . (2.17)
Similarly, the induced metric of a D − 2 dimensional space, normal to the world-sheet,
is Gij = Gµνn
µ
i n
ν
j . The mixed induced metric tensor Gαi = Gµν∂αx
µnνi , vanishes by
definition.
The world-sheet projection and the orthogonal projection of the arbitrary space-time
covector Vµ, we will denote as
vα = ∂αx
µVµ , vi = n
µ
i Vµ . (2.18)
In the space-time basis, tangent and normal vectors to the world-sheet Σ can be expressed
respectively as
V
µ
Σ = ∂αx
µvα , V
µ
⊥ = n
µ
i v
i . (2.19)
– 6 –
a) Parallel transport of the world-sheet tangent covectors. Let us perform the parallel
transport of the covector V Σµ along world-sheet line, from the point ξ
α to the point ξα+dξα,
using the space-time connection ◦Γνµρ (Fig. 2). We obtain the covector
◦V Σ‖µ = V
Σ
µ +
◦δV Σµ , (2.20)
where
◦δV Σµ =
◦ΓνµρV
Σ
ν dx
ρ = ◦ΓνµρV
Σ
ν ∂γx
ρdξγ . (2.21)
In the local basis, at the point ξ + dξ, its world-sheet projection has the form
◦vΣ‖α = ∂αx
µ(ξ + dξ)◦V Σ‖µ . (2.22)
M D
x
V
S
m
V
S
mII
O
S
II
O
i
S
II
O
a
x +dx
S
Figure 2: Definition of the induced connection ◦Γβαγ and SFF
◦b¯iαβ from the parallel transport of
the world-sheet tangent covector. Here ◦vΣ‖α ≡ vα + ◦Γβαγvβ dξγ and ◦vΣ‖i ≡ −◦b¯iαβ vαdξβ .
Let us introduce the world-sheet induced connection ◦Γβαγ . We demand that it
defines the rule of the parallel transport of the world-sheet covector vα, along the same
world-sheet line, to the projection ◦vΣ‖α. So, we have by definition
◦vΣ‖α = vα +
◦δvα , (2.23)
where
◦δvα = ◦Γβαγvβdξ
γ . (2.24)
It produce the expression for the induced connection
◦Γγαβ = G
γδ∂δx
µGµν(
◦Γνρσ∂αx
ρ∂βx
σ + ∂β∂αx
ν) = Gγδ∂δx
µGµν
◦Dβ∂αxν , (2.25)
where ◦DαV µ = ∂αxν◦DνV µ is space-time covariant derivative along world-sheet direction.
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The orthogonal projection of the covector ◦V Σ‖µ , defines the second fundamental
form, ◦b¯iαβ , trough the equation
n
µ
i (ξ + dξ)
◦V Σ‖µ ≡ ◦vΣ‖i = −◦b¯iαβvαdξβ , (2.26)
or explicitly
◦b¯iαβ = n
µ
i
◦Dβ(Gµν∂αxν) = −∂αxνGµν◦Dβnµi . (2.27)
The SFF define the extrinsic geometry.
b) Parallel transport of the world-sheet orthogonal covectors. If we perform parallel
transport of the covector V ⊥µ , orthogonal to the world-sheet (Fig. 3), we obtain
◦V ⊥‖µ = V
⊥
µ +
◦δV ⊥µ ,
◦δV ⊥µ =
◦ΓνµρV
⊥
ν dx
ρ = ◦ΓνµρV
⊥
ν ∂αx
ρdξα . (2.28)
Its normal projection, defines the induced connection of the D − 2 dimensional space,
normal to the world-sheet
◦Γijα = G
ikn
µ
kGµν
◦Dαnνj , (2.29)
and its world-sheet projection defines also the SFF, which we denote by ◦biαβ
∂αx
µ(ξ + dξ)◦V ⊥‖µ ≡ ◦v⊥‖α = vi ◦biαβdξβ . (2.30)
M
D
x
x +dx
V
m
II
O
a
II
O
i V
mII
O
S
Figure 3: Definition of the induced connection ◦Γjiα and SFF
◦biαβ from the parallel transport of
the world-sheet orthogonal covector. Here ◦v⊥‖α ≡ ◦biαβ vidξβ and ◦v⊥‖i ≡ vi + ◦Γjiαvj dξα .
Note that the expression for this new SFF
◦biαβ = n
µ
i Gµν
◦Dβ∂αxν = −∂αxν◦Dβ(Gµνnµi ) , (2.31)
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differs from the previous one (2.27) by the term containing the covariant derivative of the
metric. So, in the spaces with nonmetricity, there are two forms of SFF, connected by the
relation
◦biαβ = ◦b¯iαβ + ◦Qρµν∂βxρn
µ
i ∂αx
ν . (2.32)
c) Parallel transport of the world-sheet vectors. In the similar procedure for the vectors
V
µ
Σ and V
µ
⊥ , the orthogonal projection of the
◦V µΣ‖ produce −◦biαβ and the world-sheet
projection of ◦V µ⊥‖ produce
◦b¯iαβ.
In analogy with the previous result, we define the bar induced connection through the
relation
vα +
◦δ¯vα = ∂αxµ(ξ + dξ)Gµν(ξ + dξ)◦V νΣ‖ , (2.33)
where
◦δ¯vα = ◦Γ¯βαγvβdξ
γ . (2.34)
Then, we have
◦Γ¯γ,αβ = ∂γxν◦Dβ(Gµν∂αxµ) = ◦Γγ,αβ − ◦Qρµν∂βxρ∂αxµ∂γxν , (2.35)
which relates the two forms of the induced connections up to the nonmetricity term.
So, the induced connection and the SFF are projections, of the space-time covariant
derivative of ∂αx
µ, to the world-sheet and its normal, respectively. Consequently, we have
the generalization of the Gauss-Weingarten equation
◦Dβ∂αxµ = ◦Γ
γ
αβ∂γx
µ + ◦biαβ n
µ
i , (2.36)
and
◦Dβ(Gµν∂αxν) = (◦Γ¯
γ
αβ∂γx
ν + ◦b¯iαβ n
ν
i )Gµν . (2.37)
There are also two forms of the world-sheet induced covariant derivatives, correspond-
ing to two forms of the world-sheet connections
◦∇αvβ = ∂αvβ − ◦Γγβαvγ , ◦∇¯αvβ = ∂αvβ − ◦Γ¯γβαvγ . (2.38)
They are related by the expression
◦∇¯αvβ = ◦∇αvβ + ◦Qαβγvγ = Gβγ◦∇αvγ . (2.39)
From this point we will use the variables without bar, because the bar variables can be
expressed in terms of the first ones and nonmetricity.
2.3 Decomposition of the induced connection ◦Γγαβ and of the SFF
◦biαβ
In analogy with the general rule for connection decomposition, we can decompose the
induced connection and SFF. With the help of (2.15) we have
◦Dβ∂αxµ = Dβ∂αxµ +
(
◦Kµνρ + 12
◦Q{µνρ}
)
∂αx
ν∂βx
ρ . (2.40)
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The world-sheet projection of the last equation, produces the decomposition of the induced
connection
◦Γγ,αβ = Γγ,αβ + ◦Kγαβ +
1
2
◦Q{γαβ} , (2.41)
in terms of induced Christoffel connection, induced torsion and induced nonmetricity
Γγαβ = G
γδ∂δx
µGµν
◦Dβ∂αxν , (2.42)
◦Tαβγ = ◦Tµρσ∂αxµ∂βxρ∂γxσ = ◦Γα,βγ − ◦Γα,γβ , (2.43)
◦Qαβγ = ◦Qµρσ∂αxµ∂βxρ∂γxσ = −◦∇αGβγ , (2.44)
where ◦Kγαβ = 12
◦T{γαβ} is the induced contortion. Note that both the torsion and non-
metricity are tensors, so that the corresponding relations do not have non-homogeneous
terms.
The orthogonal projection of (2.40) produces the decomposition of the SFF
◦biαβ = biαβ + ◦Kiαβ + 12
◦Q{iαβ} ≡ biαβ + ◦
K
b iαβ +
1
2
◦Q
b{iαβ} , (2.45)
where we used the notation
biαβ = n
µ
i GµνDβ∂αx
ν , (2.46)
◦ T
biαβ=
◦Tµρσn
µ
i ∂αx
ρ∂βx
σ ≡ ◦Tiαβ , (2.47)
◦Q
b iαβ=
◦Qµρσn
µ
i ∂αx
ρ∂βx
σ ≡ ◦Qiαβ , (2.48)
and similarly as before ◦Kiαβ = 12
◦T{iαβ}.
Consequently, with the help of (2.36) we have
Dβ∂αx
µ = Γγαβ ∂γx
µ + biαβ n
µ
i , (2.49)
◦T µρσ∂αxρ∂βxσ ≡ ◦T µαβ = ◦T γαβ∂γxµ + ◦T iαβ nµi , (2.50)
◦Qµρσ∂αxρ∂βxσ ≡ ◦Qµαβ = ◦Qγαβ∂γxµ + ◦Qiαβ nµi . (2.51)
When the torsion is present, the SFF is not symmetric in α, β indices. Similarly as in
the case of the connection, we can write
◦biαβ = ◦bi(αβ) + 12
◦Tiαβ , ◦bi(αβ) = biαβ + ◦Ki(αβ) + 12
◦Q{iαβ} . (2.52)
2.4 Relations between space-time and world-sheet covariant derivatives
Starting with the definition of the space-time covariant derivatives along world-sheet di-
rection
◦DV µ = V µ(ξ + dξ)− V µ‖ , (2.53)
we can obtain its world-sheet and orthogonal projections, multiplying (2.53) with Gµν(ξ+
dξ)∂αx
ν(ξ + dξ) and Gµν(ξ + dξ)n
ν
i (ξ + dξ), respectively
∂αx
νGµν
◦DβV µ = ◦∇¯βvα − vi ◦¯biαβ , nνiGµν◦DαV µ = ◦∇¯αvi + vβ ◦biβα . (2.54)
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With the help of the relation V µ = ∂αx
µvα + nµi v
i we obtain
◦DαV µ = ◦∇αvβ ∂βxµ + nµi ◦biβαvβ + nµi Gij ◦∇¯αvj − ∂βxµviGβγ ◦¯biγα . (2.55)
Similarly, for the covectors we have
◦DαVµ = Gµν
[
Gβγ∂βx
ν◦∇αvγ + nνi ◦b¯iβαvβ
]
+Gµν
[
Gijnνi
◦∇αvj −Gβγ∂βxνvi ◦biγα
]
.
(2.56)
For the world-sheet tangent vectors, the last two equations produce
◦DαV
µ
Σ =
◦∇αvβ ∂βxµ + nµi ◦biβαvβ , (2.57)
◦DαV Σµ = Gµν
[
Gβγ∂βx
ν ◦∇αvγ + nνi ◦b¯iβαvβ
]
. (2.58)
We will also need the relation
(◦DαVµ)∂βxµ = ◦∇αvβ − vi ◦biβα , (2.59)
obtaining multiplying (2.56) by ∂βx
µ.
2.5 Mean extrinsic curvature
In the torsion free case, the SFF is symmetric in the world-sheet indices and its properties
are well known in the literature. Here, we will consider the case when nontrivial torsion
and nonmetricity are present.
As usual, a curve is parametrized by its length parameter s, so that the unit tangent
vector is tµ = dx
µ
ds
. If the curve lies in the world-sheet, we have tµ = tα∂αx
µ, with tα = dξ
α
ds
.
Let us denote by Pi, the 2-plane spanned by the tangent vector t
µ and the unit world-
sheet normal nµi . Then, ℓi = Σ
⋂
Pi is the i-th normal section of the world-sheet Σ. The
curvature of the normal section ℓi, as a space-time curve, is defined as the orthogonal
projection of ◦Dstµ
◦ki = ◦DstµGµνnνi , (2.60)
where ◦Dstµ ≡ x˙ν◦Dνtµ, is the covariant derivative along the curve. It produces the
following expression
◦ki = ◦biβα tαtβ = ◦bi(βα) tαtβ =
◦bi(βα)dξαdξβ
Gαβdξαdξβ
. (2.61)
The curvature ◦ki depends on the direction of the tangent vector tα and only on the
symmetric part of the SFF. Let us stress, that in the presence of nonmetricity, ◦Dstµ is not
orthogonal to the tangent vector tµ, and we additionally performed orthogonal projection.
In Euclidean torsion free spaces, the maximal and minimal values of ◦ki are the principal
curvatures. The corresponding directions, defined by tα, are the principal directions. The
principal curvatures are eigenvalues of the SFF and corresponding eigenvectors define the
principal directions.
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In our case, the curvature ◦ki, (2.61), is divergent in the light-cone directions. Conse-
quently, the extremely values do not exist. Still, we can obtain the necessary information
from the eigenvalue problem
(◦biαβ − ◦κiGαβ)vβ = 0 . (2.62)
The eigenvalues of the quadratic forms ◦biαβ with respect to the metric Gαβ , we define
as a principal curvatures in Minkowski space-time. They are the solutions of the condition
det(◦bi − ◦κiG)αβ = 0, or explicitly
◦κi0,1 =
◦H i ±
√
(◦H i)2 − ◦Ki . (2.63)
Here
◦H i = 12G
αβ◦biαβ =
1
2(
◦κi0 +
◦κi1) , (2.64)
is the trace of the SFF and ◦Ki =
det ◦bi
αβ
detGαβ
= ◦κi0
◦κi1 (no summation over i) is Gauss curvature.
In order to simplify the relation (2.61), we will go to the new frame in which both
symmetric matrices, Gαβ and
◦bi(αβ), are diagonal. We can choose the eigenvectors (vα0 ,
vα1 ) of the symmetric part of the SFF
◦bi(αβ), as new basis vectors. Then, instead of (2.62)
we have (◦bi(αβ) − ◦κiGαβ)vβ = 0, which produces (◦κi0 − ◦κi1)(vα0Gαβvβ1 ) = 0. For ◦κi0 6= ◦κi1,
the eigenvectors are orthogonal. Let us chose v0 to be time-like vector and v1 to be space-
like vector, and normalize them as v20 = 1, v
2
1 = −1. In the basis (v0, v1), both the metric
and the symmetric part of the SFF, obtain diagonal forms
G =
(
1 0
0 −1
)
, bi =
( ◦κi0 0
0 −◦κi1
)
. (2.65)
The curvature of the line ℓi becomes
◦kitl(α) =
◦κi0 cosh
2(α)− ◦κi1 sinh2(α) , (2.66)
where α ∈ (−∞,∞) parametrize all time-like directions of the tangent vectors. Similarly,
for the space-like tangent vectors, we have
◦kisl(α) =
◦κi0 sinh
2(α) − ◦κi1 cosh2(α) . (2.67)
The i-th MEC usually is defined as a mean value of the i-th normal section, if we
fixed the normal nµi and rotate the tangent vector t
µ. In Euclidean spaces, the sin and
cos functions appear instead of sinh and cosh, so that the mean value is well defined.
In Minkowski spaces, the curvature (2.61) is divergent in the light-like directions. We
introduce the cut-off Λ, and define regularized mean curvature for the time-like region
◦H itl(Λ) =
1
2Λ
∫ Λ
−Λ
◦kitl(α)dα , (2.68)
and similarly for the space-like one. Finally, the mean extrinsic curvature we define as
a mean value of the time-like mean curvature with sign +, and space-like mean curvature
with sign −, with the same cut-off Λ going to the infinity. We obtain
lim
Λ→∞
1
2 [
◦H itl(Λ)− ◦H isl(Λ)] = 12(◦κi0 + ◦κi1) = ◦H i , (2.69)
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which is just the expression (2.64), because the Λ dependence disappears.
For ◦κi0 =
◦κi1 ≡ ◦κi, all linear combinations of the vectors v0 and v1 are eigenvectors.
We can choose some orthonormal basis, in which
G =
(
1 0
0 −1
)
, bi =
( ◦κi 0
0 −◦κi
)
. (2.70)
Then the line curvature does not depend on the tangent vector direction
◦kitl(α) =
◦κi[cosh2(α) − sinh2(α)] = ◦κi = ◦H itl ,
◦kisl(α) =
◦κi[sinh2(α) − cosh2(α)] = −◦κi = ◦H isl . (2.71)
Consequently, the MEC has the same interpretation 12(
◦H itl − ◦H isl) = ◦κi = ◦H i.
The surface defined by the equation ◦H i = 0 is minimal surface. The name stems
from the fact that in the Riemann space-time the equation Hi = 0 define the surface of
minimal area P2 =
∫
d2ξ
√− detGαβ , for the fixed boundary. In fact, for this surface the
first variation of the area vanishes
δP2 = −2
∫
d2ξ
√
− detGαβ H inµi Gµν δxν = 0 . (2.72)
2.6 Dual mean extrinsic curvature, extrinsic mean torsion and C-duality
Let us stress that above consideration is torsion independent, because the antisymmetric
part of the SFF disappears from (2.61) and (2.64). We are going to include the torsion
contribution and generalize the above results.
Let us first generalize the eigenvalue problem, and then offer its geometrical inter-
pretation. We introduce the dual eigenvalue problem, such that linear transformation
of the vector vα with operator ◦biαβ is proportional to the two dimensional dual vector
∗vα =
√−G2 εαβ vβ (G2 = detGαβ)
◦biαβ v
β = ∗κi ∗vα , (2.73)
or equivalently (
◦biαβ − ∗κi εαβ
√
−G2
)
vβ = 0 . (2.74)
It is similar to (2.62), but for the completeness we also need the eigenvalues of the quadratic
forms ◦biαβ with respect to the antisymmetric tensor εαβ
√−G2.
The solutions of the condition det(∗bi − ∗ki ε√−G2)αβ = 0, have the form
∗κi0,1 =
∗H i ±
√
(∗H i)2 + ◦Ki . (2.75)
In analogy with the previous case, we will call them dual principal curvatures, and the
variable
∗H i = 12 (
∗κi0 +
∗κi1) =
1
2G
αβ∗biαβ =
1
2
εαβ√−G2
◦biβα =
1
4
εαβ√−G2
◦T iβα , (2.76)
the dual mean extrinsic curvature. Here ◦Ki =
det ◦bi
αβ
detGαβ
= ∗κi0
∗κi1 (no summation over
i) is the same Gauss curvature as before.
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Let us now turn to the geometrical meaning of the DMEC. In the case when tµ1 and t
µ
2
are world-sheet tangent vectors (Fif. 1) (note that all geodesics ℓ1, ℓ2, ℓ˜1 and ℓ˜2 still could
be space-time curves) we can rewrite (2.6) in the form
◦T µ ≡ x
µ(D2)− xµ(D1)
2dP12
=
εβα
4
√−G2
◦T µρσ∂αx
ρ∂βx
σ . (2.77)
Here, dP12 =
√−G2 det(∂ξ
α
∂sr
)dℓ1dℓ2 is area of the parallelogram, spanned by the vectors
ℓ
µ
1 = t
µ
1dℓ1 and ℓ
µ
2 = t
µ
2dℓ2 , and where G2 = detGαβ . We can conclude that
◦T µ does not
depend on the directions tµ1 and t
µ
2 , and on the lengths dℓ1 and dℓ2. So, we will call this
variable the mean torsion. Its world-sheet projection is induced mean torsion
◦Tγ = ◦T µGµν∂γxν =
εβα
4
√−G2
◦Tγαβ . (2.78)
Its normal projection is the extrinsic mean torsion
◦Ti = ◦T µGµνn
µ
i =
εβα
4
√−G2
◦Tiαβ = ∗Hi , (2.79)
which is exactly the same variable as DMEC, defined above in (2.76).
We can formulate the dual eigenvalue problem (2.74), as an ordinary eigenvalue prob-
lem (∗biαβ − ∗κiGαβ)vα = 0, if we introduce the dual SFF
∗biαβ =
Gαγε
γδ
√−G2
◦biδβ . (2.80)
We define the C-duality (Curvature duality), which maps SFF to dual SFF, ◦biαβ →
∗biαβ, and interchanges the role played by the symmetric and the antisymmetric parts of
the SFF. Consequently, under C-duality MEC maps to DMEC, allowing the exchange of
the mean curvature and mean torsion.
The self-dual and self-antidual configurations
◦H i = ±∗H i , (2.81)
correspond to the following conditions on the SFF
(Gαβ ∓ ε
αβ
√−G2
)◦biβα = 0 . (2.82)
The equations (2.81) and (2.82) define C-dual (antidual) surfaces. In the torsion free
case, they turn to the standard minimal surface condition, ◦H i = 0.
3. The stringy geometry as a space-time perception by probe string
We are going to investigate the dynamics of the string, propagated in the curved space-
time. From the mathematical point of view, the string equations of motion describe the
embedding conditions of the world-sheet in the space-time. We are particularly interested in
the target space geometry properties, recognized by the string. We will see, that the probe
string feels more space-time features (torsion and nonmetricity) then the probe particle.
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3.1 The action and the canonical analysis results
The action [2]-[5]
S = κ
∫
Σ
d2ξ
√−g
{[
1
2
gαβGµν(x) +
εαβ√−gBµν(x)
]
∂αx
µ∂βx
ν +Φ(x)
ω
R
(2)
}
, (3.1)
describes bosonic string propagation in xµ-dependent background fields: metric Gµν , an-
tisymmetric tensor field Bµν = −Bνµ and dilaton field Φ. Here, gαβ is the intrinsic world-
sheet metric and
ω
R
(2)
is corresponding scalar curvature. In App. A, we will introduce the
intrinsic connection ω, as a Christoffel connection for the intrinsic metric gαβ . So, we mark
all related variables with the sign ω, in order to distinguish them from the corresponding
induced ones.
In this paper we will restrict our consideration to such forms of the dilaton fields Φ,
that its gradient aµ = ∂µΦ, is not light-cone vector. So, the condition a
2 ≡ Gµνaµaν 6= 0
is fulfilled in the whole space-time.
The projection operator
P T µν = Gµν − aµaν
a2
= Gµν − εnµnν ≡ GD−1µν , (3.2)
(nµ =
aµ√
εa2
, where ε = 1 if aµ is time like vector and ε = −1 if aµ is space like vector), can
be interpreted as the induced metric on the D− 1 dimensional submanifold Φ(x) = const.
Let us briefly review the result of the canonical analysis of ref. [1]. It is useful to define
the currents
J±µ = P T µνj±ν +
aµ
2a2
iΦ± = j±µ −
aµ
a2
j , (3.3)
iF± =
aµ
a2
j±µ − 1
2a2
iΦ± ± 2κF ′ , iΦ± = πF ± 2κΦ′ , (3.4)
where
j±µ = πµ + 2κΠ±µνxν ′ , Π±µν ≡ Bµν ± 1
2
Gµν , (3.5)
and
j = aµj±µ − 1
2
iΦ± = a
2(iF± ∓ 2κF ′) . (3.6)
All τ and σ derivatives of the fields xµ, F and Φ can be expressed in terms of the
corresponding currents
x˙µ =
Gµν
2κ
(h−J−ν − h+J+ν) , (3.7)
F˙ =
1
4κ
(h−iF− − h+iF+)−
1
2
(h− + h+)′ , Φ˙ =
1
4κ
(h−iΦ− − h+iΦ+) , (3.8)
and
xµ′ =
Gµν
2κ
(J+ν − J−ν) , F ′ = 1
4κ
(iF+ − iF−) , Φ′ =
1
4κ
(iΦ+ − iΦ−) . (3.9)
Up to boundary term, the canonical Hamiltonian density has the standard form
Hc = h−T− + h+T+ . (3.10)
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The energy momentum tensor components obtain new expressions
T± = ∓ 1
4κ
(
GµνJ±µJ±ν + iF±i
Φ
±
)
+
1
2
iΦ′± = ∓
1
4κ
(
Gµνj±µj±ν − j
2
a2
)
+ i± , (3.11)
where
i± =
1
2
(iΦ±
′ − F ′iΦ±) . (3.12)
The same chirality energy-momentum tensor components satisfy two independent
copies of Virasoro algebras,
{T±, T±} = −[T±(σ) + T±(σ¯)]δ′ , (3.13)
while the opposite chirality components commute {T±, T∓} = 0. The energy-momentum
tensor components T± are generators of the two dimensional diffeomorphisms. Their new,
non-linear representation is the consequence of the dilaton field presence.
3.2 Equations of motion
In the paper [1], using canonical approach, we derived the following equations of motion
[Jµ] ≡ ω∇∓ ∂±xµ + ⋆Γµ∓ρσ∂±xρ∂∓xσ = 0 , (3.14)
[h±] ≡ Gµν∂±xµ∂±xν − 2
ω
∇± ∂±Φ = 0 , (3.15)
[iF ] ≡ωR
(2)
+
2
a2
(D∓µaν)∂±xν∂∓xµ = 0 , (3.16)
where the variables in the parenthesis denote the currents corresponding to this equation.
The expression
⋆Γρ±νµ = Γ
ρ
±νµ+
aρ
a2
D±µaν = P TρσΓσ±νµ+
aρ
a2
∂µaν = Γ
ρ
νµ±P TρσBσνµ+
aρ
a2
Dµaν , (3.17)
which appears in the [Jµ] equation is a generalized connection, which full geometrical
interpretation will be presented later. Under space-time general coordinate transformations
the expression ⋆Γρ±νµ transforms as a connection. In (3.14) and (3.16) we omit the currents
± indices, because [Jµ+] = [Jµ−] and [iF+] = [iF−] as a consequence of the symmetry relations
⋆Γµ∓ρσ = ⋆Γ
µ
±σρ and D∓µaν = D±νaµ.
We can derive the Lagrangian equations of motion, independently of the previous
consideration. Varying the action (3.1) with respect to xµ, we obtain
[xµ] ≡ gαβ ω∇α ∂βxµ + Γ(αβ)µρσ∂αxρ∂βxσ − aµ
ω
R
(2)
= 0 , (3.18)
where
Γ(αβ)µρσ = g
αβ Γµρσ −
εαβ√−gB
µ
ρσ . (3.19)
Because in the light-cone basis we have g±± = 0 and ε±± = 0, the above expression
has only two nonzero components
Γ(∓±)µρσ = Γ
µ
±ρσ , Γ
(±±)µ
ρσ = 0 . (3.20)
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So, the expression ”two types of connections”, which has been used in the literature, means
that in the light-cone basis there are just two nonzero elements of five indices expression
(3.19). The connections Γµ±ρσ corresponds to the parallel transport along the light-cone
lines dξ±, respectively. Trough the paper we will preserve the word connection, having in
mind this comment.
Instead of the equations of motion with respect to the world-sheet metric gαβ , we prefer
to have ones with respect to the fields F and h±
[F ] ≡ ω∆ Φ = 0 , (3.21)
T± = ∓κ
2
(Gµν∂±xµ∂±xν − 2
ω
∇± ∂±Φ−
ω
∆ Φ) = 0 , (3.22)
where the T± are energy-momentum tensor components in the light-cone basis.
Let us compare these equations with ones obtained before, using canonical methods.
The equation (3.15) follows from (3.21) and (3.22). The equation (3.18) in the light-cone
basic obtains the form
[xµ±] ≡
ω
∇∓ ∂±xµ + Γµ∓ρσ∂±xρ∂∓xσ − 12aµ
ω
R
(2)
= 0 , (3.23)
because [xµ] = [xµ+] + [x
µ
−] and [x
µ
+] = [x
µ
−] as a consequence of the above symmetry
relations. Then we can conclude that [iF ] and [Jµ] contain longitudinal and transversal
parts of [xµ] respectively
[iF ] = − 1
a2
(aµ[x
µ] + [F ]) , 2[Jµ] = P Tµν [x
ν ] +
aµ
a2
[F ] . (3.24)
We prefer the equations of motion in the form (3.14)-(3.16), with the canonical origin,
because they are more appropriate for geometrical interpretation.
3.3 Stringy torsion and nonmetricity
Let us apply the general considerations of Sec. 2 to the string case. Instead of general
mark ◦, the mark ⋆ will indicates the presence of nonmetricity felt by the string, and lower
indices ± will indicate the presence of the corresponding form of torsion felt by the string.
Absence of any sign will means that the connection is Christoffel.
The manifold MD, together with the affine connection
◦Γµνρ and the metric Gµν , de-
fine the affine space-time AD ≡ (MD, ◦Γ, G). The connection (3.17) we will call stringy
connection and the corresponding space-time SD ≡ (MD, ⋆Γ±, G), observed by the string
propagating in the background Gµν , Bµν and Φ, we will call stringy space-time. The
classification of space-times dependence on the background fields contributions, will be
investigated in Sec. 4.
The antisymmetric part of the stringy connection is the stringy torsion
⋆T±ρµν =
⋆Γ±ρµν − ⋆Γ±ρνµ = ±2P TρσBσµν . (3.25)
It is the transverse projection of the field strength of the antisymmetric tensor field Bµν .
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The presence of the dilaton field Φ leads to the breaking of the space-time metric
postulate. It means that the metric Gµν is not compatible with the stringy connection
⋆Γµ±νρ. This fact can be expressed by the nontrivial stringy nonmetricity
⋆Q±µρσ ≡ −⋆D±µGρσ = 1
a2
D±µ(aρaσ) . (3.26)
Consequently, during stringy parallel transport, the lengths and angles deformations de-
pend on the vector field aµ.
Note that ⋆Γρ±νµ,
⋆T
ρ
±νµ and
⋆Q±µρσ are invariant under scale transformation of the
dilaton field by the constant Φ→ kΦ.
The stringy Weyl vector
⋆Qµ =
1
D
Gρσ⋆Q±µρσ =
−4
D
∂µϕ , (3.27)
is a gradient of the new scalar field ϕ, defined by the expression
ϕ = −1
4
ln a2 = −1
4
ln(Gµν∂µΦ∂νΦ) . (3.28)
It does not depend on the antisymmetric field Bµν and consequently on the ± indices.
The stringy angle preservation relation
⋆Qր±µρσ= ⋆Q±µρσ −Gρσ⋆Qµ = 0 , (3.29)
is a condition on the dilaton field Φ. Generally, in stringy geometry both the lengths and
the angles could be changed under the parallel transport.
Using the relation
⋆K±µρσ +
1
2
⋆Q±{µρσ} = ±
1
2
⋆Tµρσ +
1
2
⋆Q{µρσ} , (3.30)
instead (2.15), we can write
⋆Γ±µ,ρσ = Γµ,ρσ ± 1
2
⋆Tµρσ +
1
2
⋆Q{µρσ} , (3.31)
where the quantities ⋆Tµρσ = 2P
T ν
µBνρσ and
⋆Qµρσ = −⋆DµGρσ = 1a2Dµ(aρaσ) do not
depend on ± indices. In fact, the last term is ⋆Q{µρσ} = 2aµa2Dρaσ, so that we can recognize
our starting expression (3.17).
In the stringy geometry, covectors aµ are covariantly constant target space vectors
⋆D±µaν = 0 . (3.32)
By definition it means that ⋆δaµ = daµ, or that the covector aµ(x), after parallel transport
from the point x to the point x+dx with the connection ⋆Γµ±ρσ, is equal to the local covector
aµ(x+dx). So, covector field aµ is stringy teleparallel, because its parallel transport is path
independent. Note that as a consequence of nonmetricity, the above feature valid only for
covectors aµ, and not for the vectors a
µ.
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4. Background fields contribution to the space-time geometry
In this section we will make the classification of space-time, depending on the presence
of the background fields. We will analyze the field equations and find their geometrical
interpretations.
4.1 Riemann space-time induced by metric Gµν
Let us start with the case where only nontrivial background field is the metric tensor Gµν ,
while Bµν = 0 = Φ. Then, instead of J±µ, the current takes the form jG±µ = πµ± κGµνxν′,
but with the same Lagrangian expression jG±µ =
√
2κGµν ∂ˆ±xν . The canonical Hamiltonian
has the similar form as in (3.10)
HGc = h−tG− + h+tG+ , (4.1)
with following expression for the energy-momentum tensor
tG± = ∓
1
4κ
GµνjG±µj
G
±ν . (4.2)
The absence of the dilaton field Φ, leads to the conformal invariance of the action.
Consequently, the field F and the corresponding equation [iF ] are absent. The first two
equations of motion (3.14) and (3.15) survive in the simpler form
[jµG] ≡
ω
∇∓ ∂±xµ + Γµρσ∂±xρ∂∓xσ = 0 , [h±] ≡ Gµν∂±xµ∂±xν = 0 , (4.3)
where Γµρσ is the standard Christoffel connection.
The world-sheet projection and orthogonal projection of the equation [jµG], obtain the
forms
gαβ(ωγαβ − Γγαβ) = 0 , (4.4)
and
gαβbiβα = 0 . (4.5)
Here, Γγαβ is induced world-sheet Christoffel connection (2.42) and b
i
αβ is corresponding
SFF (2.46).
The [h±] equation can be written in the form
G±± ≡ eα±eβ±Gαβ = 0 , (4.6)
where Gαβ = Gµν∂αx
µ∂βx
ν is world-sheet induced metric. Because in the light-cone frame,
the intrinsic metric is off-diagonal, g±± = 0, we have Gab = λgab, (a, b ∈ {+,−}), or
equivalently
Gαβ = λgαβ . (4.7)
Multiplying the last equation with gαβ , we obtain the expression λ = 12g
αβGαβ, so that√−G = √−g 12gαβGαβ . The last relation connects the Polyakov and Nambu-Goto expres-
sions for the string action. We can rewrite (4.7) in the form
Gαβ√−G =
gαβ√−g , (4.8)
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so that, because of the conformal invariance, only the metric densities are related.
From (4.7) we obtain relation between intrinsic connection ωγαβ and induced one Γ
γ
αβ
ω
γ
αβ = Γ
γ
αβ − δγαλβ − δγβλα + gαβ gγδλδ , (λα ≡ 12∂α lnλ) (4.9)
which is also a solution of (4.4). Therefore, both intrinsic world-sheet metric tensor and
intrinsic connection, are equal to the induced ones from the space-time up to the conformal
factor λ. This is expected result, because of the conformal invariance of the action. The
complete equality of the metric tensors and connections is just the choice of the gauge
fixing λ = 1.
With the help of (4.7) equation (4.5) becomes
H i ≡ 12Gαβbiβα = 0 . (4.10)
Therefore, all MECs, corresponding to the normal vectors nµi , are equal to zero. In the
geometrical language the world-sheet Σ is minimal surface. From starting D equations of
motion, two define intrinsic connection in terms of the induced one and D − 2 define the
MEC.
The string with the background field Gµν does not see the torsion and nonmetricity.
It feels the target space as Riemann space-time of general relativity [8, 9].
4.2 Stringy Riemann-Cartan space-time induced by metric Gµν and antisym-
metric tensor Bµν
In the next step, we include antisymmetric background field Bµν , but still keep Φ = 0.
Now, the relevant current j±µ is already defined by expression (3.5), with the same form
of Hamiltonian (3.10) and with the energy-momentum tensor
t± = ∓ 1
4κ
Gµνj±µj±ν . (4.11)
With the same reason as in the previous subsection, we have again two equations of motion
[jµ] ≡ ω∇∓ ∂±xµ + Γµ∓ρσ∂±xρ∂∓xσ = 0 , [h±] ≡ Gµν∂±xµ∂±xν = 0 . (4.12)
Now, two forms of connection
Γρ±νµ = Γ
ρ
νµ ±Bρνµ , (4.13)
and corresponding two forms of covariant derivative D±µ, appear. The new term in the
connection is the field strength of the antisymmetric tensor, defined in (B.10). Note that
Gµν and Bµν always appear in the combination Π±µν = Bµν± 12Gµν , so that the generalized
connection (4.13) can be expressed as in (B.12).
The torsion
T±ρµν = Γ±
ρ
µν − Γ±ρνµ = ±2Bρµν , (4.14)
is the field strength for the antisymmetric tensor. In this case the contortion is proportional
to the torsion K±µνρ = 12T±µνρ = ±Bµνρ.
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As well as in the case of Riemann space-time, the same relations between metric tensors
(4.7) and between the connections (4.9), follow from the [h±] equation (4.12).
We can rewrite the [jµ] equation in the form
gαβ(Dβ∂αx
µ − ωγαβ∂γxµ) =
εαβ√−gB
µ
αβ . (4.15)
Its world-sheet projection produce
gαβ(ωγαβ − Γγαβ) = −
εαβ√−gB
γ
αβ , (4.16)
where Bγαβ is the world-sheet torsion, induced from the target space. Because it is totally
antisymmetric, in two dimensions it vanishes, Bγαβ = 0. So, we obtain the same equation
(4.4), as in the case of Riemann space-time.
The orthogonal projection of the [jµ] equation takes the form
gαβbiαβ =
εαβ√−gBiαβ , (4.17)
or equivalently
(gαβ ± ε
αβ
√−g )b±iβα = 0 . (4.18)
We used two forms of SFF b±iαβ = n
µ
i GµνD±β∂αx
ν , which are connected b±iαβ = b∓iβα.
So, (4.18) contains only one independent equation of motion.
Again, both two dimensional intrinsic metric tensor and two dimensional intrinsic
connection, up to the conformal factor, are induced from the target space. So, we can
rewrite the above equation in terms of induced metric
(Gαβ ± ε
αβ
√−G2
)b±iβα = 0 , ⇐⇒ Hi ± ∗H±i = 0 . (4.19)
There is unique MEC Hi and two types of DMECs
∗H±i, satisfying the relation ∗H±i =
−∗H∓i. So, the equations (4.19) with upper and lower indices are equal. In this language
equation of motion means that MEC is equal to DMEC, or that world-sheet Σ is C-dual
(antidual) surface.
Consequently, the string with background fields Gµν and Bµν feels the target space
as Riemann-Cartan space-time [8, 9]. Note that the world-sheet is torsion free while the
space-time is not.
4.3 Stringy torsion free space-time induced by background fields Gµν and Φ
Let us consider the case when the fields Gµν and Φ are present, while Bµν is absent. The
equations of motion (3.14)-(3.16) obtain the form
[Jµ] ≡ ω∇∓ ∂±xµ + ⋆Γµρσ∂±xρ∂∓xσ = 0 , (4.20)
[h±] ≡ Gµν∂±xµ∂±xν − 2
ω
∇± ∂±Φ = 0 , (4.21)
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[iF ] ≡ ωR
(2)
+
2
a2
(Dµaν)∂∓xµ∂±xν = 0 , (4.22)
and can be rewritten as
[Jµ] ≡ gαβ
( ω
∇β ∂αxµ + ⋆Γµρσ∂αxρ∂βxσ
)
= 0 , (4.23)
[h±] ≡ G±± − 2
ω
∇± a± = 0 , (4.24)
[iF ] ≡ ωR
(2)
+
gαβ
a2
(Dαaµ)∂βx
µ = 0 . (4.25)
The connection
⋆Γρνµ = Γ
ρ
νµ +
aρ
a2
Dµaν , (4.26)
obtains the new term, which is the origin of the nonmetricity
⋆Qµρσ ≡ −⋆DµGρσ = 1
a2
Dµ(aρaσ) , (4.27)
while the torsion is zero.
Let us find the induced connection and the SFF, for this case. With the help of (4.26)
we have
⋆Dβ∂αx
µ = Dβ∂αx
µ +
aµ
a2
(Dβaν)∂αx
ν . (4.28)
The world-sheet projection produce the induced connection
⋆Γγαβ = Γ
γ
αβ +
aγ
a2
(Dβaµ)∂αx
µ , (4.29)
and the normal projection produce the SFF
⋆biαβ = b
i
αβ +
ai
a2
(Dβaµ)∂αx
µ . (4.30)
Now, we are going to derive the useful relation between the space-time and the world-
sheet covariant derivatives, which we will frequently use later.
Substituting mark ◦, with mark ⋆ in (2.59) and separating aµ dependent terms, we
obtain
∇αvβ = (DαVµ −
aρV ⊥ρ
a2
Dαaµ)∂βx
µ + vi ⋆biβα . (4.31)
Here, V ⊥µ is the component of the covector Vµ orthogonal to the world-sheet. For Vµ → aµ
we have
1
a2
(Dαaµ)∂βx
µ =
1
a22
∇αaβ − a
i
a22
⋆biβα , (4.32)
where a22 = G
αβaαaβ is a length of the world-sheet projection of the vector field aµ. We
also used the relation a2 = a22 + aa
⊥.
With the help of (4.32), the stringy torsion free connection (4.29) becomes
⋆Γγαβ = Γ
γ
αβ +
aγ
a22
∇βaα − a
γai
a22
⋆biαβ . (4.33)
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The stringy torsion free world-sheet covariant derivative is
⋆∇αvβ = ∇αvβ − (av)2
a22
(∇αaβ − ai⋆biβα) , (4.34)
and for vβ → aβ, it produces
⋆∇αaβ = ai ⋆biβα . (4.35)
Let us turn to the equations of motion. The world-sheet and orthogonal projections
of [Jµ] equation are
gαβ(⋆Γγαβ − ωγαβ) = 0 , ⇐⇒ gαβ(
ω
∇α vβ − ⋆∇αvβ) = 0 , (4.36)
gαβ ⋆biαβ = 0 . (4.37)
The last equation, together with (4.35) produce gαβ⋆∇αaβ = 0, and with the help of second
equation (4.36) we obtain
ω
∇± a∓ = 0.
We will preserve the condition G±± = 0, or equivalently Gαβ = λgαβ , because the
light-cone line must be the same in terms of the intrinsic and induced metrics. Then, the
new term in [h±] equation vanishes
ω
∇± a± = 0, which complete the above condition
ω
∇α aβ = 0 . (4.38)
As well as in the previous two cases, from the relation Gαβ = λgαβ follows the equal-
ities of the intrinsic and induced metric densities. The relation between corresponding
connections changes in the presence of the nonmetricity
⋆Qαβγ = (
⋆Γ− λω)β,γα + (⋆Γ− λω)γ,βα − 2λαGβγ . (λα ≡ 12∂α lnλ) (4.39)
From (4.33) and (4.38) we have aβ(⋆Γ− λω)β,γα = −ai⋆biγα and consequently
⋆Qαβγa
βaγ = −2aiaβ⋆biβα − 2a22λα . (4.40)
On the other hand, from (4.27), (2.44) and (4.32) we obtain
⋆Qαβγ =
1
a22
∇α(aβaγ)− a
i
a22
(aβ
⋆biγα + aγ
⋆biβα) , (4.41)
and
⋆Qαβγa
βaγ = ∂αa
2
2 − 2aiaβ⋆biβα . (4.42)
Subtracting (4.40) from (4.42), we obtain the equation for λ , ∂α lnλ = −∂α ln a22. Its
solution is easily to be found, λ = 1
a22
. Therefore, when the dilaton field Φ is present, the
theory lose conformal invariance and the coefficient λ is determined. In our case, we have
relation between intrinsic and induced metric tensors
gαβ = a
2
2Gαβ , (4.43)
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and between intrinsic and induced connections
ω
γ
αβ =
⋆Γγαβ − δγαλβ − δγβλα +GαβGγδλδ − 12⋆Q{γαβ} .
(
λα ≡ −∂α ln
√
a22
)
(4.44)
With the help of (4.32) and (4.37), from the equation [iF ] we obtain the expression for
the intrinsic world-sheet curvature
ω
R
(2)
= −G
αβ
a42
∇αaβ . (4.45)
Let us find its relation with the induced one. Both curvatures we can relate with the hat
curvature Rˆ
√−g ωR
(2)
=
√
−gˆ(Rˆ + 2∆ˆF ) ,
√
−G2R(2) =
√
−gˆ(Rˆ+ 2∆ˆFG) , (4.46)
where in agreement with (A.1) we use light-cone variables for both intrinsic and induced
metrics gαβ → (h±, F ), Gαβ → (h±, FG). Eliminating Rˆ and using (4.43) (which is equiv-
alent to the relation FG = F − 12 ln a22) we have
R(2) = a22
ω
R
(2)
−∆ ln a22 , (4.47)
where ∆ is Laplace operator for the induced metric ∆ = e−2FG∆ˆ. So, in our case with the
help of (4.45) we have
R(2) =
1
a42
∆Φ−∆ ln a22 . (4.48)
The equation (4.37) with the help of (4.43) takes the form
⋆Hi =
1
2G
αβ ⋆biβα = 0 . (4.49)
Consequently, all stringy MECs, ⋆Hi, vanish and the world-sheet is stringy minimal surface.
Therefore, the string with background fields Gµν and Φ can see the space-time non-
metricity. The corresponding target space we call stringy torsion free space-time.
4.4 Stringy space-time induced by background fields Gµν , Bµν and Φ
Finally, in the last step we include the dilaton field Φ, so that all three background fields
are present.
The equations of motion are the complete ones, (3.14)-(3.16), with two forms of con-
nections (3.17). The string feel both torsion and nonmetricity defined by the expressions
(3.25) and (3.26) respectively. Separating the aµ dependence, we can rewrite the field
equations in the form
[Jµ] ≡ gαβ
(
⋆Dβ∂αx
µ − ωγαβ∂γxµ
)
− ε
αβ
√−gP
Tµ
νB
ν
αβ = 0 , (4.50)
[h±] ≡ G±± − 2
ω
∇± a± = 0 , (4.51)
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[iF ] ≡ ωR
(2)
+
gαβ
a2
(Dαaµ)∂βx
µ +
εαβ√−g a2 aµB
µ
αβ = 0 . (4.52)
We will follow the considerations of the previous two cases. First, we find the conse-
quences of the relation (2.59) substituting mark ◦ with marks ⋆± and separating the aµ
dependent terms. The contribution of the BTµαβ term disappears and we obtain the same
relations (4.31) and (4.32).
The stringy connection and stringy world-sheet covariant derivatives are
⋆Γγ±αβ =
⋆Γγαβ ±BTγαβ , ⋆∇±αvβ = ⋆∇αvβ ∓BTγβαvγ , (4.53)
where ⋆Γγαβ and
⋆∇αvβ are defined in (4.33) and (4.34), so that (4.35) still valid because
BTγβα disappears.
The stringy world-sheet induced nonmetricity has a form
⋆Q±αβγ = ⋆Qαβγ ∓ (BLβαγ +BLαβγ) , (4.54)
where ⋆Qαβγ has been introduced in (4.41), and B
L
βαγ = ∂βx
ν aνaµ
a2
Bµαγ is a world-sheet
projection of the longitudinal part of the field strength Bµαγ .
The world-sheet and the normal projections of the [Jµ] equation are
gαβ(⋆Γγαβ − ωγαβ) =
εαβ√−gB
Tγ
αβ = ∓2
√−G2√−g
⋆T
γ
± , (4.55)
gαβ ⋆biαβ =
εαβ√−gB
T
iαβ , ⇐⇒
(
gαβ ± ε
αβ
√−g
)
⋆b±iβα = 0 . (4.56)
Using (4.35), (4.55) and (4.56) we obtain
gαβ
ω
∇α aβ = ε
αβ
√−g (a
iBT iαβ + a
γBT γαβ) =
εαβ√−g a
µBT µαβ = 0 . (4.57)
This is the same result as in the torsion free case,
ω
∇± a∓ = 0.
For the same reason as in the previous case, we will preserve the condition G±± = 0,
which is equivalent to the relation Gαβ = λgαβ . Together with the [h
±] equation it gives
ω
∇± a± = 0, and finally the same equation (4.38),
ω
∇α aβ = 0.
The relation between the connections is similar to (4.39)
⋆Q±αβγ = (⋆Γ± − λω)β,γα + (⋆Γ± − λω)γ,βα − 2λαGβγ , (λα ≡ 12∂α lnλ) (4.58)
but now we have aβ(⋆Γ± − λω)β,γα = −ai⋆biγα ± aβBTβγα, so that
⋆Q±αβγaβaγ = −2aiaβ⋆biβα − 2a22λα ± 2BTβγαaβaγ . (4.59)
The equation (4.54) produce
⋆Q±αβγaβaγ = ∂αa22 − 2aiaβ⋆biβα ∓ 2BLβγαaβaγ . (4.60)
Since
BTβγα +B
L
βγα = Bβγα = 0 , (4.61)
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because it is totally antisymmetric two-dimensional tensor, we have the same equation for
λ with the same solution (4.43).
With the help of (4.32) and (4.56) the [iF ] equation becomes
ω
R
(2)
= −G
αβ
a42
∇αaβ + ε
αβ
√−g
(
ai
a22
BTiαβ −
aµ
a2
BTµαβ
)
. (4.62)
Using the properties aiBTiαβ + a
γBTγαβ = a
µBTµαβ = 0 and (4.61), we again have (4.45).
Consequently, from (4.47) we obtain (4.48), as well as in the torsion free case.
The equation of motion (4.56) with the help of (4.43) takes the form
(
Gαβ ± ε
αβ
√−G2
)
⋆b±iβα = 0 , ⇐⇒ ⋆Hi ± ∗H±i = 0 . (4.63)
So, the world-sheet Σ is stringy C-dual (antidual) surface. For ⋆Qµρσ = 0 it turns to (4.19)
and for ⋆Tµρσ = 0 to (4.49).
The string propagating in the presence of all three background fields Gµν , Bµν and
Φ, feels both space-time torsion and nonmetricity. The corresponding target space we call
stringy space-time.
There are some other possibilities which we will not consider here. For example, the
presence of Bµν field only, will lead to the flat space-time with torsion, which is known as
teleparallel space-time.
5. The space-time measure
Using the stringy geometry considered in the previous sections, let us try to discuss possible
forms of the space-time actions. Generally it has the form
⋆S =
∫
dDx ⋆Ω ⋆L , (5.1)
where ⋆Ω is a measure factor, and ⋆L is a Lagrangian, which depends on the space-time
field strengths.
We are going to find invariant measure, which means that:
1. it is invariant under space-time general coordinate transformations;
2. it is preserved under parallel transport;
3. it enable integration by parts.
The second requirement is equivalent to the condition ⋆D±µ⋆Ω = 0. The third one, is
consequence of the Leibniz rule, and the relation
∫
dDx ⋆Ω ⋆D±µV µ =
∫
dDx∂µ(
⋆ΩV µ) , (5.2)
so that we are able to use Stoke’s theorem.
For Riemann and Riemann-Cartan space-times, the solution for the measure factor is
well known Ω =
√−G (G = detGµν). For spaces with nonmetricity, this standard measure
is not preserved under the stringy parallel transport, and requirements 2. and 3. are not
– 26 –
satisfy. Instead to change the connection and find volume-preserving one, as has been done
in ref. [9], we prefer to change the measure. Let us try to find the the stingy measure in
the form ⋆Ω = Λ(x)
√−G. In order to be preserved under the parallel transport with the
stingy connection, it must satisfy the condition
⋆D±µ(
√
−GΛ) = ∂µ(
√
−GΛ)− ⋆Γρ±µρ
√
−GΛ = 0 . (5.3)
Using the relation
⋆Γρ±µρ = ∂µ ln
(√−Ge−2ϕ) = Γρ±µρ + D2 ⋆Qµ , (5.4)
we find the equation for Λ , ∂µΛ =
D
2
⋆QµΛ. The fact that the stringy Weyl vector
⋆Qµ is a gradient of the scalar field ϕ, defined in (3.28), help us to solve this equation
obtaining Λ = e−2ϕ. The stringy measure factor, preserved under parallel transport with
the connection ⋆Γµ±ν , obtains the form
⋆Ω =
√
−Ge−2ϕ . (5.5)
Note that now we have ⋆Γρ±µρ = ∂µ ln
⋆Ω, and consequently (5.2) is satisfied. So, we
can use the integration by parts for stringy derivatives ⋆D±µ, if we use the stringy measure
⋆Ω. Therefore, all requirements are satisfy.
Let us shortly compare the action (5.1) with the space-time action of the papers [4, 5].
In spite of their different origin there are some interesting similarities. The Lagrangians
from these papers are scheme dependent (see [12]), and can be reproduced with suitable
combinations of our invariants: the stringy scalar curvature, stringy torsion and stringy
nonmetricity.
We are particularly interested to compare the integration measures. The measure
factor of the papers [4, 5],
√−Ge−2Φ, has the same form as our one and confirm the
existence of some space-time nonmetricity. The requirement of the full measures equality,
ϕ = Φ, leads to to the Liouville like equation for the dilaton field
Gµν∂µΦ∂νΦ− e−4Φ = 0 . (5.6)
For D = 2 it turns to the real Liouville equation.
Note that there are some considerable differences between these approaches. Their
result has been obtained in the leading order perturbation theory in powers of the curvature,
while our result is non perturbative. Their result is a consequence of quantum one loop
computation, while our result is classical.
6. Conclusions
In this paper, we considered classical theory of the bosonic string propagating in the non-
trivial background. In particular, we are interested in the space-time geometry felt by the
string.
In Sec 2, we investigated geometry of the surface embedded into space-time with torsion
and nonmetricity. The breaking of space-time metric postulate produces two forms of
SFF, ◦biαβ (2.31) and ◦b¯iαβ (2.27), and consequently, two forms of MEC, whose difference
is proportional to nonmetricity. We cleared the meaning of MEC in Minkowski space-
time ◦H i (see (2.64) and (2.69)), and introduced the concept of DMEC ⋆H i (2.76) as
orthogonal projection of the mean torsion. In order to find geometrical interpretation
for the field equations, we defined C-duality which maps MEC to DMEC. The torsion
changes the equation of embedded surfaces. Instead of the usual minimal surface ◦Hi =
0, we introduced C-dual (antidual) surface defined by the self-duality (self-antiduality)
conditions, ◦Hi = ±∗Hi.
Then we considered the equations of motion (3.14)-(3.16), which have been derived
in ref. [1] using Hamiltonian approach, and independently in Sec. 3 using Lagrangian
approach. With the help of the general decomposition of the space-time connection, we
have concluded that the stringy space-time has nontrivial torsion and nonmetricity, origi-
nating from the antisymmetric field Bµν and dilaton fields Φ. We obtained their explicit
expressions (3.25) and (3.26).
In sec. 4, we clarified the space-time geometry dependence on the background fields.
In the presence of the metric tensor Gµν , the space-time is of the Riemann type, while the
world-sheet is a minimal surface. The inclusion of the target space antisymmetric field Bµν
produces Riemann-Cartan space-time and the world-sheet becomes C-dual surface (4.19).
In both cases the intrinsic metric and connection are equal to the induced ones, up to
conformal transformation.
The appearance of the dilaton field Φ broke the compatibility between the space-time
metric tensor and stringy connection. It also broke conformal invariance, introducing new
component of the intrinsic metric tensor F , and consequently, the new equation of motion
[iF ]. This new field equation allows us to calculate the induced world-sheet curvature (4.48)
as a function of the dilaton field.
When all three background fields Gµν , Bµν and Φ are present, the string feels the
complete stringy space-time and the world-sheet becomes stringy C-dual surface (4.63).
The theory looses conformal invariance, and the relation between the intrinsic and induced
variables is fixed (4.43). The corresponding factor is the length of the world-sheet projection
of the gradient of the dilaton field.
In Sec. 5, we constructed the integration measure for the theories with nonmetricity.
In fact, the stringy Weyl vector is a gradient of the scalar field ϕ, necessary to make
the integration measure invariant under parallel transport. We discussed the connection
between our measure and that of the papers [4, 5], in spite of their quite different origin.
Their result is quantum and perturbative while our is classical but non perturbative. In
particular, our scalar field ϕ, defined in (3.28), is different from their Φ, but has the same
position in the expression for the measure. These two measures are equal for ϕ = Φ, which
is the condition on the dilaton field Φ in the form of the Liouville like equation (5.6).
A. World-sheet geometry
It is useful to parameterize the intrinsic world-sheet metric tensor gαβ , with the light-cone
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variables (h+, h−, F ) (see the papers [1, 10, 11])
gαβ = e
2F gˆαβ =
1
2e
2F
(−2h−h+ h− + h+
h− + h+ −2
)
. (A.1)
The world-sheet interval
ds2 = gαβdξ
αdξβ = 2dξ+dξ− , (A.2)
can be expressed in terms of the variables
dξ± =
±1√
2
eF (dξ1 − h±dξ0) = eF dξˆ± = e±αdξα . (A.3)
The quantities e±α define the light-cone one form basis, θ± = e±αdξα, and its inverse
define the tangent vector basis, e± = e±α∂α = ∂±. We will use the relations
ηabea
αeb
β = e+
αe−β+ e−αe+β = gαβ , εabeaαebβ = e+αe−β − e−αe+β = ε
αβ
√−g , (A.4)
where a, b ∈ {+,−}.
In the tangent basis notation, the components of the arbitrary vector Vα have the form
V± = e−F Vˆ± = e±αVα =
√
2e−F
h− − h+ (V0 + h
∓V1) . (A.5)
In this notation, the Laplace operator becomes
ω
∆= e−2F ∆ˆ where ∆ˆ = −2∇ˆ±∂ˆ∓. We
also use the relation √−g ωR
(2)
=
√
−gˆ(Rˆ(2) + 2∆ˆF ) . (A.6)
B. Space-time geometry and world-sheet as embedded surface
In this appendix, we introduce some notations and define the properties of D dimensional
space time MD. We also present space-time and world sheet classification, which depends
on the background fields.
◮ In the affine space-time, AD ≡ (MD, ◦Γ, G), the linear connection
◦Γµ,ρσ = Γµ,ρσ + ◦Kµρσ +
1
2
◦Q{µρσ} , (B.1)
can be expressed in terms of Christoffel one, contortion and nonmetricity. The Christoffel
connection
Γρνµ =
1
2
Gρσ(∂νGµσ + ∂µGνσ − ∂σGνµ) , (B.2)
depends only on the space time metric tensor Gµν . The contortion is a function of the
torsion
◦Kµρσ =
1
2
◦T{σµρ} =
1
2
(◦Tρσµ + ◦Tµρσ − ◦Tσµρ) , (B.3)
which itself is defined as
◦T ρµν =
◦Γρµν − ◦Γρνµ . (B.4)
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Figure 4: Classification of space-time. AD is affine space-time, SD is stringy space-time, SˇD
is stringy torsion free space-time, UD is stringy Riemann-Cartan space-time and VD is Riemann
space-time.
The nonmetricity tensor is
◦Qµρσ = −◦DµGρσ . (B.5)
All covariant derivatives are defined in the standard way
◦DµVν = ∂µVν − ◦ΓρνµVρ , ◦DµV ν = ∂µV ν + ◦ΓνρµV ρ. (B.6)
The world-sheet is affine C-dual (antidual) surface
◦H i = ±∗H i ⇐⇒
(
Gαβ ∓ ε
αβ
√−G2
)
◦biβα = 0 . (B.7)
◮ In the Riemann space-time, VD ≡ (MD,Γ, G), the torsion and nonmetricity vanish
◦T µρσ = 0, ◦Qµρσ = 0, and the connection is just the Christoffel one ◦Γρνµ = Γρνµ.
The world-sheet is minimal surface
H i ≡ 12Gαβbiβα = 0 . (B.8)
◮ In the stringy Riemann-Cartan space-time, UD ≡ (MD,Γ±, G), there are two types
of the torsion
◦T µρσ → T µ±ρσ = ±2Bµρσ , (B.9)
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where the new term is the field strength of the antisymmetric tensor
Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν = DµBνρ +DνBρµ +DρBµν . (B.10)
Consequently, there are two types of the connection
◦Γρνµ → Γρ±νµ = Γρνµ ±Bρνµ , (B.11)
which can be expressed in terms of the variables G±µν ≡ ±2Π±µν = Gµν ± 2Bµν
Γ±ρ,νµ =
1
2
(∂νG±µρ + ∂µG±ρν − ∂ρG±µν) , (B.12)
in the similar way as Γρ,νµ can be expressed in terms of Gµν . The nonmetricity in the
stringy Riemann-Cartan space-time vanishes, ◦Qµρσ = 0.
The world-sheet is C-dual (antidual) surface
Hi = ±∗H∓i , ⇐⇒
(
Gαβ ∓ ε
αβ
√−G2
)
b∓iβα = 0 . (B.13)
◮ In the stringy torsion free space-time, SˇD ≡ (MD, ⋆Γ, G), the torsion vanishes ◦T µρσ =
0, while the nonmetricity and connection obtain the forms
◦Qµρσ → ⋆Qµρσ ≡ −⋆DµGρσ = 1
a2
Dµ(aρaσ) , (B.14)
and
◦Γρνµ → ⋆Γρνµ = Γρνµ +
aρ
a2
Dµaν . (B.15)
The world-sheet is stringy minimal surface
⋆Hi ≡ 12Gαβ ⋆biβα = 0 . (B.16)
◮ Finally, in the stringy space-time, SD ≡ (MD, ⋆Γ±, G), both the torsion and the
nonmetricity survive in the following forms
◦T ρµν → ⋆T±ρµν = ±2P TρσBσµν = ±2G(D−1)ρσBσµν , (B.17)
◦Qµρσ → ⋆Q±µρσ ≡ −⋆D±µGρσ = 1
a2
D±µ(aρaσ) , (B.18)
with the contribution of all three background fieldsGµν , Bµν and Φ. The stringy connection
◦Γρνµ → ⋆Γρ±νµ = Γρ±νµ +
aρ
a2
D±µaν = P TρσΓσ±νµ +
aρ
a2
∂µaν , (B.19)
has the following symmetry
⋆Γρ±νµ =
⋆Γρ∓µν . (B.20)
Covariant derivatives of the vector field aµ, have a properties D±µaν = D∓νaµ and
⋆D±µaν = 0.
The world-sheet is stringy C-dual (antidual) surface
⋆Hi = ±∗H∓i , ⇐⇒
(
Gαβ ∓ ε
αβ
√−G2
)
⋆b∓iβα = 0 . (B.21)
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